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Abstract 

Gaussian measures yr' v are associated to some stochastic 2D hydro- 
dynamical systems. They are of Gibbsian type and are constructed by 
means of some invariant quantities of the system depending on some pa- 
rameter p (related to the 2D nature of the fluid) and the viscosity v. We 
prove the existence and the uniqueness of the global flow for the stochastic 
viscous system; moreover the measure \jP' v is invariant for this flow and 
is unique. Finally, we prove that the deterministic inviscid equation has 
a /^'"-stationary solution (for any v > 0). 



1 Introduction 

The goal in this paper is to study a class of mathematical models related to 2D 
fluids. We will deal with an abstract stochastic evolution equation in a Hilbert 
space of the following form 



(1) du(t) + [vAu{t) + B(u(t), u(t))] dt = yJQdw{t), 

where it; is a cylindrical Wiener process and Q is a linear operator. The un- 
bounded linear operator A and the bilinear operator B will satisfy certain prop- 
erties related to 2D fluids that will be given in details in the following sections. 
The coefficient v > is the viscosity. There is an extensive literature about the 
existence and uniqueness of solutions with initial data of finite energy. Its long 
time behavior has also been extensively studied, including the existence and 
uniqueness of invariant measures (see, e.g., [3] and the reference therein). In 
the present paper, we are interested in the qualitative behavior of these invari- 
ant measures. In particular, we prove the existence and uniqueness of invariant 
measures of Gaussian type for the viscous case (JT|); moreover, this Gaussian 
measure is proved to be invariant also for the deterministic and inviscid model 
(v = 0,Q = 0). 

We point out that the Gaussian invariant measure that we consider here is 
not that one considered in previous papers [I] , [H] , [TS] , [2] , [5] , but has a more 
regular support. In particular, the support of this measure is a Sobolev space 
of positive exponent. 
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As far as the content of this paper, in Section 2 we introduce the operators 
associated to the model ([TJ with their properties and the Gibbs measures yfi' v . 
We introduce the Ornstein-Uhlenbeck equation with a suitable noise and prove 
that pP> v is its unique invariant. In Section 3, we deal with the viscous stochastic 
case; we prove the existence and uniqueness of strong solutions and that 
is its unique invariant measure. The uniqueness of the invariant measure is 
proved by means of Girsanov Theorem. Moreover, some crgodic properties of 
this measure with its rate of convergence are shown. In Section 4, we introduce 
a particular example, shell models of turbulence with an emphasis on the Sabra 
model. The coefficient (3 characterizing hte measure yfi- y will be related to the 
coefficients a and b of the Sabra model through the condition (|47)) . Section 5 is 
devoted to the deterministic inviscid model, in particular we present our results 
for the inviscid Sabra model with ft = 1. For any v > we prove the existence 
of a stationary process whose law at any fixed time is (/}'". 



2 Introduction to the model and functional set- 
ting 

2.1 Operators and spaces 

Let {H, | ■ |) be a real separable Hilbcrt space endowed with an inner product 
denoted by (•,•), and A an unbounded self- adjoint positive linear operator on 
H with compact resolvent. We denote by < Ai < A2 < ... the eigenval- 
ues of A and by e%, e2, . . . a complete orthonormal system in H given by the 
eigenfunctions of the operator A 

Ac n — X n c n 

We assume that lim„_ ! . 00 A n = 00. 

Let H n = span{e\, e2, . . . , e n } and IT n the projector operator onto H n . 
For any a € R we can define the power operators A a as 
00 00 00 

A a x = >£(x, e„)e„ D(A a ) = {x = £ x n e n : £ X 2 n a x 2 n < 00}. 

n— 1 n— 1 n— 1 

We set 

H a =D{A a ' 2 ). 

Each H a is a Hilbert space with scalar product (u, v)h" '■= (A a / 2 u, A a / 2 v). We 
denote by || • || a the norm in H a . 

Let B : H x H — > H^ 1 be a bilinear operator; we assume that there exists 
a positive constant c such that 

(2) ||fl(u,«)||_i<cMM. 

We consider the finite dimensional approximation of the bilinear operator 
B; this is the bilinear operator B M defined as 

b m {u iV ) = n M B{n M u,n M v) 

for any M <G N. For each B M we have the same estimate as (J5J) (with the 
constant c independent of M). 

For any v > and /3 > 0, let yfi- v be the Gaussian measure A^(0, -A~P) 
(see, e.g., [H], US)- 
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2.2 Assumptions 

Besides the basic properties of the operators A and B given above, we present 
other important assumptions. 

Condition (CI): For any v > 0, the operator vA generates an analytic semi- 
group of contractions in H and for any p > there exists c P)V > such that 

(3) \A p e~ vAt x\ <^f\x\ Vt>0,xeH. 

Condition (C2): The bilinear operator B satisfies the following properties: 

(i) (B(u, v),w) = —(B(u,w),v) 

(ii) (B(u,v),v} = 

(hi) 3 (3 > such that (B(u, u), A^u) = 

for any u, v, w giving meaning to the above relationships. 

Condition (C3): There exists a G [0,/?) (with f3 given by (C2 iii)) such that 
the embedding C H a is Hilbert-Schmidt, i.e. 



a ~ (i < oo. 



Condition (C4): for a and /3 given in (C2)-(C3), B : H a x H a -> i^" 1 is 
a continuous operator, i.e. 

(4) \\B{u,v)\\p^<c\\u\\ a \\v\\ a Vu,veH a 
Moreover, if a > we assume 

(5) ||S(u, < c|u||M| Q VueH lV eH a 
Condition (C5): For each n set B n (u,v) = (B(u,v),e n ). Then we have 

\B n {x,x)\ 2 n e ' u (dx) < oo Vn 

and B n (x,x) independent of a;„ (where x = ^2 n x n e n ). Moreover 
M . 

(6) lim V / |( J B M (x,x)-B(a;,a;),e„)|V ,I '(rfa;) = 0. 

n=l ^ 

Remark 2.1 (zj FFe /lave i/ie relationships corresponding to assumption (C2): 

(7) (B M (u,v),w)=-(B M (u,w),v) 

(8) (B M (u,v),v) = 

(9) {B M (u,u),A^u) = 

fiij -S?/ means of the bilinearity and of estimate ([4]) we /iave 

lim ||B M (w,v) — S(ti,i;)||«_i = y U ,veH a 

M— Kx> 
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(Hi) Since a > 0, the inequality ([5]) implies 

(10) \\B(u, «)||„_i < c||tt|| a ||«|| Q VMefl 1 ". 



Moreover, 



(11) Urn ||-B m (m,w) -B(u,u)|| q _i = Vu,v € H" 



M 



(iv) Assumption (C3) implies that the space H a has full measure yfi' v , i.e. 
liP' v (H a ) = 1. However, for Gaussian measures in infinite dimensional spaces 
we have ^< V {H P ) = (see, e.g., fUfJ. 

We denote by £ p (/i^ ,!y ) the space of measurable functions 4> defined in the 
support of the measure and such that J \&\ p dfj,P' 1 ' < oo. 

2.3 The equations 

Set Q = 2A 1 "' 9 in (JT|), that is we consider the following nonlinear stochastic 
equation 



(12) du(t) + [uAu(t) + B(u(t), u(t))]dt = ^/2A 1 -t } dw(t). 
In addition we deal with the inviscid and deterministic equation 

(13) ^ i t) +B (u(t),u(t))=0 
and with the viscous linear stochastic equation 



(14) dz(t) + vAz(t) dt = \ / 2A 1 -Pdw(t). 

Relationship (ii) in Assumption (C2) implies a formal law of conservation of 
energy E(t) = \ \u{t)^ in equation (fl~3)) . We recall that the energy is a conserved 
quantity in the motion of incompressible inviscid fluids (|13[) . 

Relationship (hi) in Assumption (C2) implies that Sp{t) = is a 

conserved quantity for equation (|13p , that is formally we have 

^(t) = (u(t),A?u(t)) = -(B(u(t),u(t)),A?u(t)) = 0. 

For /3 = 1, Si is the enstrophy which is a conserved quantity in the motion of 
2D incompressible inviscid fluids. 

The Gaussian measure pP' v = Af(0, ^A~@) can be described heuristically as 

^< v {du) =" ^e- vS ^du" 

where Z is a normalization constant to make /i' 9 '" to be a probability measure. 
Therefore it makes sense to see if the measure yfi' 1 ', described by means of the 
invariant quantity Sp, is a stationary statistical solution for the inviscid equation 
([T3]l . To this end, we will first prove that (jfi' u is a stationary measure for the 
viscous and stochastic equation ([12"]) looking for a dynamics in the space H a of 
full measure fi^'" '. However, the basic stochastic case to deal with is the linear 
equation (|14[) for which we recall well known properties (see |13jV 
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Proposition 2.2 Let assumptions (CI), (C2 iii) and (C3) be satisfied. 
Then, for any z(0) € H a there exists a unique strong solution to equation (|14[) 
such that 

z £ C([0, T]; H a ) V-a.s. 
The stationary process solving equation ([T4"|) is 

/t 
e-' {t - s)A A^ !i dw(s) 
-oo 

and the law of ((t) is pfi> v for any time f. 

3 Stochastic viscous models 

We consider equation (1121) ; first we prove that there exists a unique solution for 
any initial data in H a . The solution is strong in the probabilistic sense and 
uniqueness is in pathwisc sense. Moreover, we show that is the unique 
invariant measure associated to this stochastic equation. 

3.1 Strong solution 

We look for dynamics in the state space H a with < a < j3 fulfilling assump- 
tions (C1)-(C4). We consider any finite time interval [0,T]. 

Theorem 3.1 Let assumptions (C1),(C2), (C3) and (C4) be satisfied. 
Then, for any it(0) £ H a , there exists a unique solution u to equation (jT3J) such 
that 

ueC{[0,T};H a ) V-a.s. 
Moreover, the process u is a Markov process, Feller in H a . 

We divide the proof in three steps in the following subsections. 

3.1.1 Existence of strong solutions for the viscous stochastic model 

We use a well known trick to study a stochastic semilinear equation with additive 
noise: we set v = u — z. Then 

dv 

(15) —(f) + uAv{t) + B{v(t) + z{t), v{t) + z{t)) = 

dt 

with u(0) = u(0) - z(0). Set z(0) = 0. 

Proposition 3.2 We consider the same assumptions as in Theorem \3.1\ Let 
v(0) € H a . Then there exists a solution to equation (|15[) such that 

v e C([0, T];H a ) n L 2 (0, T; H 1+a ) V - a.s. 
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Proof. We proceed pathwise. Take the scalar product of the left hand side of 
equation (|15|) with v in H ; we get some a priori estimates 



-^-M 2 + v\\v\\l = -(B(v + z,v + z),v) 



1 d 
2~dt' 

= -{B(v + z,z),v) by (C2 ii) 

< ||fl(« + «,«)||_i|H|i 

< c|w + z||z|||w||i by© 

<^IK'll? + yN 2 H 2 + yN 4 

by Young inequality, for some positive constant c„. Henceforth, we denote by 
c„ a generic constant depending on v. 
Therefore 

(16) |M a + f|l«lli<^N a H a + ^M* 

Hence, Gronwall inequality applied to 



^H 2 <c,|z| 2 H 2 +c,|z| 4 



gives 



(17) sup Kt)| 2 < e^lWlV^ (| v (0)| 2 + Cl ,r||z|| 4 c([ o,T];H)) < 

0<t<T v 



DO 



and integrating in time (1161) 
(18) 



V Wv^^ds < \v(0)\ +Tc v (JMIc([0,T];i?)IMIc([0,T];ff) + II 2 II C([0,T];H) J < 00 • 

Moreover, when a > we proceed in a similar way: we take the scalar product 
of the left hand side of equation ([1511 with A a v in H; then 



< \\B(v + z, v + z)||_i +Q ||v||i +Q 

< c|i; + z|||u + z||a,||u||i +a by© 



< |NI 2 +Q + y(H 2 + N 2 )lkll 2 +yll^ 



This gives 

(19) ||M| 2 + HMIi+a < c v (\v\* + ||z|| 2 ) \\v\\l + c,||z||t 
Therefore, using ([T7[) and the fact that a > we get 

(20) sup HOI! 2 < || v (0)|| 2 e c ^o r (K*)l 2 +ll^)ll^)^ 

0<*<T 



T eC ,/ t T (l^)| 2 + ll^)e)d S || zW ||4^ <0< 



6 



and integrating in time (|19p 

\\v{s)f 1+a ds < oo. 



T 

2 



Actually, the a priori estimates are for the Galcrkin approximation v . We 
define the Galcrkin problem associated to (|T2"j) 



(21) 



du M {t) + [vAu M (t) + B M {u M {t), u M {t))]dt = U M V2A^ dw{t) 

u M (o) = n M x 

where M is any positive integer. Similarly we have 

dv M 

^-(f) + vAv M {t) + B(v M (t) + z M (t),v M (t) + z M (t)) = 
with z M {t) = H M z{t). 



The previous estimates give 

M\\2 

= (0,T;H") 



(22) 8UPl|w"llioo ( o, T ;ir«)<<» 



A I 



(24) sup||—— 1|2 2 , Q _! <oo. 



(23) sup\\v M \\ 2 L2i0 TH1+a) < oo 

M 

dv M 

In addition is bounded: indeed 

dt 

^(t) = -vAv M (t) - B(v M (t) + z M (t),v M (t) + z M (t)y, 

using (|23 p -(|22 p . we have that the first term in the r.h.s belongs to the space 
L 2 (0, T; iJ"" 1 ) and the second to the space C([0, T]; H ' 1 ) (use (JTO])) and thus 
in L 2 (0, Tj/f" -1 ). Then 

Since the space {v : v £ L 2 (0, T; iJ 1+Q ), § G L 2 (0, T; iJ" -1 )} is compactly 
embedded in the space L 2 (0,T;iJ Q ), from (|2"2"1) -(IM1) we get that there exists a 
subsequence {v Mi } weakly convergent to a v in L 2 (0,T; H 1+a ), weakly-* con- 
vergent in L°°(0, T; 7?") and strongly convergent in L 2 (0, T; H a ). By means of 
the bilinearity of B, of the strong convergence result and of (fTTj) . we conclude 
that the limit v fulfils (|T5|) . 

The fact that v £ C([0, T]; i/ a ) comes from a result in Temam [53] (Lemma 
1.4. page 263): if w e L 2 (0,T; H 1+a ) and § € i 2 (0, T; £r 1+Q ), then w e 
C([0,T];£P). □ 

Remark 3.3 We can prove also the uniqueness of this solution v, but we do 
not need it here. Anyway, the proof of uniqueness would be based on the same 
estimes as in the next Section \3.1. 6 A 

We conclude for u = v + z. 

Proposition 3.4 We consider the same assumptions as in Theorem \3.1\ Let 
u(0) £ H a . Then there exists a solution to equation (|12p such that 



u£C{[0,T};H a ) P-a.s. 
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3.1.2 Pathwise uniqueness 

Now we prove that the strong solution u constructed in the previous section is 
pathwise unique, that is 

Proposition 3.5 We consider the same assumptions as in Theorem VS. 1\ Let 
ui,U2 be two solutions to equation (|12p with the same initial data, defined on 
the same stochastic basis and with the same Wiener process. Then u\ = u-x 
V-a.s., the equality being in C([0, T]; H a ). 

Proof. We proceed pathwise. Let Ui,U2 € C([0, T]; H a ) be two paths (for fixed 
uj in a set of P- measure 1). 

Set U = Mi — i*2- Then U e C([0,T]; H a ) and it solves an equation which is 
deterministic (for any path): 

(25) ^- + uAU + B(u 1 ,u 1 )-B(u 2 ,u 2 ) = 0; U(0) = 0. 
dt 

First, we notice that U is more regular than the u^s (the noise term has desap- 
peared and we expect more regularity as for equation (fT5"l) ) . 
By the bilinearity of the operator B, we have 

(26) ^+vAU + B( Ul ,U)+B(U,u 2 )=0; 17(0) = 0. 
We get an a priori estimate: 

\j t \\U{t)\\l + v \\U(t)\\l +a 

= - (A^ [B( Ul (t),U(t)) + B(U(t), u a (t))], A^ 1 U(t)) 

< [IIUiWIIa + lluaWHjlll/Wllall^WIK+a b y ® 

< \\\U{t)\\l +a + y [||«i + \\U{t)\\l- 

Therefore 

|ll^(*)ll^<P,[ll«i(t)ll^ + ll«2(t)|iai|l7(t)||^; 

from this, by Gronwall inequality follows 

(27) ||C(*)||a < ||t/'(0)|^e c --'"o[ll«iWII» + ll«"WII»] d «. 
Finally, U(t) = for all t, since U(0) = 0. 

Remark 3.6 Markovianity is inherited from the Galerkin approximations. 

3.1.3 Feller property 

Let us denote by u(t; x) the solution of equation (|12p with initial data x. Define 
the Markov semigroup P t : B b (H a ) -> B b (H a ) as 

P t <j>{x) =E[^(u(t;s))]. 

This is a contraction semigroup. Moreover, it is Feller in iJ Q , that is 

P t : C b (H a ) -»■ C b (i/ Q ). 
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This comes from the estimates for the pathwise uniqueness. Indeed, if \\x — 
y\\ a ->• then (J2ZJ) gives 

(28) \\u{t; x) - u(t; y)f a <\\x- y\\ 2 a e c » /oMll^Hi+ll^lll]* 

for < > fixed. By (j20|) we get a uniform estimate of \\u(-; x)\\ 2 Loa( ^ T . Ha s when 
||x|| Q is bounded, i.e. 

VR>03C R : sup ||«(-; x)\\ C ([o,t];H<*) < C R . 

\\x\\ a <R 

Hence, when \\x — y\\ a — s- from ([2"5)l we get ||it(t;x) — u(£; y) || Q — » 0. We con- 
clude that (j>(u(t; xj) —> <f>(u(t; y)) for <j> e Cb(H a ) and therefore K[<j>(u(t; x))] — > 
M[(f>(u(t; y))] by the dominated convergence. This means that Pt4> € Cb(H a ) for 
any t > and cj> G C b (H a ). 

3.2 Invariant measure 

We prove the following theorem: 

Theorem 3.7 Besides the assumptions of Theorem ] 3. 1\ we consider (C5). Then, 
fi^' v is the unique invariant measure for equation (fT2"]) . that is 

(29) / P t 4> d^' v = [ 4> d^' v y<j) G C 1 ^^) and t > 0. 



First, wc show that yfi~ v is an invariant measure for the nonlinear equation 
(|12[) . Then wc prove that this is indeed the unique invariant measure. 
A consequence of this result is the following 

Corollary 3.8 Given any initial data with law fJ.^' u , there exists a unique sta- 
tionary solution of equation (|12p whose law at any fixed time is ^P' v . 

To prove our result, we need to introduce the Kolmogorov operator associ- 
ated to the stochastic equation (fT2"]) . Let FC£° be the space of infinitely diffcr- 
cntiablc cylindrical functions bounded and with bounded derivatives; <j> G FC£° 
means that there exist m G N, <fi S C£°(W n ) and multiindiccs 12, . ■ . , i m ) 
such that 

<j>(x) = (j>((x,e i± ), (x,e i2 ), (x,e im )). 

We set — — = — — with Xi = (x, eA. FC?° is a dense subset of C p (fi^'") for any 
axi axi 

p > 1. 

We define the Kolmogorov operator first on these very regular functions </> € 
FC^ as 

(30) K<f>(x) = ^2 - B n (x,x)-^-(x) - v\ n x n ^-(x) 

n 71 n n 

We have that K<\> G C 1 ^'") for any </> G ^C b °° (use that each B„ G /I 1 (//'") 
and the sums are finite). 
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3.2.1 Existence of the invariant measure 

We know that the linear stochastic equation (|14p has yfi ,v as unique invariant 
measure, that is fx^ ,v is the unique probability measure such that 



E[(j)(z(t; x))]^' v {dx) = / <j){x)^' v {dx) Vi > 0, <p G B b (H a ) 



(see [13l[T4]). Actually we can define the latter relationship for all <j> £ C p {^ ,u ), 
given any 1 < p < oo (see, e.g., [TOl [TT] ). 

Now, we want to show that pP' v is an invariant measure also for the nonlinear 
equation (|12[) . The role of the nonlinear term B is analyzed first considering 
the finite dimensional B M and then passing to the limit as M — > oo. Here we 
need © of (C5). 

First, we prove that ^P' v is an infinitesimally invariant measure for equation 
(IT21 in the sense that 



(31) 



K(j> dji 







Indeed, we can write K as the sum of two operators, K = Q + L, with domains 
FC£° and we have the infinitesimal invariance for both these operators. We 
integrate by parts: 



(32) 
and 



Qtd^ = fj2[xi-^( X )-»A nXn -^( X ) 



^'"(dx) = 



(33) J Lcj, d^» = -J J^B n (x,x)-^(x) ^ v {dx) 

= -V f J2 X nBn(x,x)x n <j)(x) //'"(<fe) = 

-' n 

=0 by (C2iii) 

since B n does not depend on the variable x n . 

Now we use an approximative criterium of Eberlc [16 to show that the mea- 
sure pfi' v is an invariant measure for equation (|12|) . First, with similar compu- 
tations as above, we get that the Kolmogorov operator (K, FC£°) is dissipative 
in C 1 ^'"), that is 

K4> d^ v < V0 € FC£° 

(see also ([39]) '). Hence it is closable (see [22]). 

With assumption ([5]) we can apply the results of Eberle (in particular, we 
use Theorem 5.2, Corollary 5.3 and (5.46) at page 226 of [TB] with p = 1); they 
state that the closure K on £ 1 (^ /3 ' l/ ) of the Kolmogorov operator (K,FC£°) 
generates a sub-Markovian strongly continuous semigroup T t = e . Moreover, 
T t is the only strongly continuous semigroup on £ 1 (/z /3 ' l/ ) which has generator 
that extends (K,FC£°) (see Appendix A in [Id]). 
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Since FC£° is a core for the infinitesimal gener ator of T t in C l (fiP'") by 
density from (j3"Tj) we get that 

/ °K(j) d^' v = V(f>eD(K). 

This is equivalent to 

(34) / T t <f> d^' v = J <f> d^' v V0e£ 1 (/' 1/ ) andt>0. 

Now, we go back to the semigroup {Pt}', it has been constructed by means 
of the unique solution u of equation (fT2|) such that u(t; x) £ H a (for any t > 0, 
x £ H a ). On the other hand, the analytical analysis of the Kolmogorov operator 
has led to the construction of the semigroup {T t }; it provides a martingale 
solution to the stochastic equation (|T2j) (see, e.g., [TB] and references therein). 
By our previous results of Section 13.11 on the stochastic equation (TT^j) we can 
relate these semigroups and get that the semigroup {Pt} can be extended to 
C 1 ^'") (where this semigroup is exactly {Tt}). 

Henceforth, we denote these semigroups in Cb(H a ) and C 1 ^'") with the 
same symbol Pt. Therefore (jM]) completes our proof. □ 

Remark 3.9 Because of the invariance of the measure yfi' y , the contraction 
semigroup Pt in Cb{H a ) can be uniquely extended to a strongly continuous con- 
traction semigroup in £ p (/i /3,!y ) also for any p > 1. Indeed, 

\Pt<f>(x)\* = \E[cj)(u(t;x)W < E[\4>(u(t;xW] = P t W(x) 

and by the invariance of the measure 

J \p t <t>\*diS> v < J p t Wd^ v = J Wd^' v . 

Since Cb(H a ) is dense in C p {^' u ), we can uniquely define the semigroup on 
C p {^' v ) for anyp>\. We use the same symbol P t to denote all these semi- 
groups. 

Notice that in condition (C5) we require J \B n (x, x)\ 2 ^P' v (dx) < oo for any 
n. Therefore K : FC£° — > C 2 (^' v ). Moreover, according to Corollary 5.3 of 
Upy . we have that the restriction ofT t to C 2 {^' v ) is a strongly continuous semi- 
group on C 2 {^' v ) and the generator of this semigroup again extends (K, FC^ ) . 
In the sequel we will use the same symbol to denote these semigroups in both 
spaces C 1 (^' v ) and C 2 (^' u ). 

3.2.2 Uniqueness of the invariant measure 

Now we prove that equation (|12[) has at most one invariant measure. Let 
R(t,x,-) be the law of z(t;x) and P(t,x,-) be the law of u(t;x). Then any 
R(t, x,-) is equivalent to the Gibbs measure fi^' u (see, e.g., [H]); we write it as 
R(t,x, •) ~ yfi- v '. Moreover we have that 

pT 

(35) / \\fAP- 1 B{z{t),z{t))\ 2 dt < oo F-a.s. 
Jo 
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and 

(36) / \\ f A^B(u(t),u(t))\ 2 dt < 



For this use that cc)|j^_i < c||x||^, from assumption (0| and that ¥{z £ 

C([0,T];H a )} =P{«£ C([0,T];H a )} = 1. 

According to Theorem 9.2 in [17], (|35|) - (l36l) imply that the measure P(t, x, •) 
is equivalent to R(t 7 x, •). On the other side R(t, x, •) ~ R(s, y, •) ~ \Jp' v , hence 
we get 

P(t,x,-)~P{t,y,-)~^> v 

for any x, y £ if™ and t > 0. 

Using Doob theorem (see, e.g., Theorem 4.2.1 in Q3]), we deduce that is 
the unique invariant measure for equation (|12[) . Moreover, it is strongly mixing 

(37) lim P(t,x,T) =^' V {T) 

t—>oo 

for arbitrary x £ H a and Borel set V in H a . 
3.2.3 Rate of convergence 

Now, we consider the semigroup Pt in C 2 (nP' v ) (see Remark l3.9[) . 

We recall the "Carre du champ" identity. For the reader's convenience we 
give the proof (see, e.g., [TU] ) 

Proposition 3.10 We have 



(38) / 4> K4> d^' v = - J \^A^Dcp\ 2 d^' u V0 € D(K). 

Proof. First we take (j> £ FC£°. A straightforward computation yields that 



Kef =2<pKcj> + 2\v / A 1 ~^D(j}\ 2 . 
By the ^ ,,y -mvariance, we have J Kip 2 dyfi' v = 0; thus 



(39) / <j> Kcf> d^' v = - / ly/Ai-PD^d^'". 



Now, taking <j> £ D(K), we use that FC£° is a core for K; therefore there exists 
a sequence {4> n } C FC£° such that 

<t> n -)■ <t>, K<f> n ->K<I> in £ 2 (//■"). 

From d3SJ we get 



IVA^D^ - ()> m )\ 2 d^' v < / |0„ - ^HA-^n - <p m )W^» 



Hence, the sequence {v A X ~P D<f> n } is a Cauchy sequence in C 2 {^ ,u ) and we get 

(EH)- □ 

Now, given </> S £ 2 (/i /3,!y ) we set <fi = f 4> d\$' v \ then we have the following 
theorem on the rate of convergence of P t <f> as t — ► oo. 
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Theorem 3.11 



J \P t 4>{x) - 0| V' tf (da:) < e" Alt y |0(z) - <j>\ 2 (i^(dx) 

for any G C 2 (fi^' v ) and i > 0. 

Proof. 

Let us define the space 

(40) ^>{^£V-"): = 0}; 

it is not difficult to prove that it is invariant for the semigroup P t (see [TT|). 

First, let us take G Clin 1 *'") H £>(lf); then P t € £§ n and by 

the Hillc-Yosida theorem 

-^P t = lTP t 0. 
dt 



Therefore, bearing in mind 

\jt J ^ ^ = / Pt ^Pt<$> d^ v = -J \VA^D x P t <b\ 2 d^<» 
Since a Gaussian measure fulfils the spectral gap inequality (see [7]) we have 



Ai 



\VA^D x P^(x)\ 2 ^(dx) > ^ j [P t cl>{x)) 2 ^ v {dx) 

where Ai > is the first eigenvalue of the operator A. By the two latter 
relationships we get 

i I ip t 0i v < -Ai / ip t 0i v. 



dt . 

Hence, using Gronwall lemma, we have that for any t > 



□ 



(41) / |P t 0| 2 d^ v < e" Alt / |0| 2 V" V0 G C 2 (^) n D(K). 

Now we take G D(K); replacing with — in (|4"Tj) . we obtain that 

|P t 0-0| 2 dpP> v = j |P t (0-0)| 2 <e- Al *y |0-0| 2 d//'". 

Using that D(K) is dense in L 2 {pP' v ) we get the result. 

4 An example: shell models of turbulence 

Shell models of turbulence describe the evolution of complex Fourier-like com- 
ponents of a scalar velocity field. Here we present the details for the SABRA 
shell model (see [10]), but the same results hold for the GOY shell model (see 
[TBI [2Tj). In recent years there has been an increasing interest in these fluid 
dynamical models, both for the deterministic and the stochastic case (see also 
Eh [1]: [SL [E])- They are easier to analyze than the Navier- Stokes or Euler 
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equations, but they retain many important features of the true hydrodynamical 
models. 

Instead of dealing with complex valued unknowns we deal with the real and 
imaginary part of each component of the scalar velocity field (for the basic 
settings we follow [5]); this defines a sequence {u n } n with u n £ M 2 . For x = 
(xi,X2) G M. 2 we set \x\ 2 = x\ + x\ and the scalar product in R 2 is x ■ y = 

XlVl + X2V2- 

Then, using the notations of Section 2.1, wc define the basic space H as 

oo 

H = {u= (ui.ua, ■■■)& (R 2 )°° : ^ < 

n=l 

The basis in H in given by the sequence {e^ , , e 2 , e 2 , e| , . . .} of 
elements of (R 2 )°°, where 

e£> = ((0,0),..., (0,0), (1,0), (0,0),...) 

el 2 ) = ((0,0),..., (0,0), (0,1), (0,0),...) 

with the nonvanishing vectors in place n. 
The eigenvalues are 

\ _ i,2 \2n 
A n — Kg A 

with A > 1. Hence we can take any a < (3 to fulfil (C3). Inequality © 
holds with Cp,„ = (|;) p - 

We set fc„ = -s/An- The bilinear term B is defined by means of the compo- 
nents B n = {B n< x,B n ^) as follows (see, e.g., [5]): 

Bi,i(u, v) = ak 2 [-u 2 ^v 3 ,i + U2,l«3,2] 
B li2 (u, v) = ~ak 2 u 2 ■ v 3 

(43) B2 ^ U ' U ) = afc 3[-"3,2«4,l + W3,lf4,2] + bk^-Ul^V^l + Ul,l«3,2] 

#2,2 (u, v) = -ak 3 u 3 ■ w 4 - bk 2 ui ■ v 3 
and for n > 2 

B n ,l(u,v) = akn+l [— Mn+l,2«n+2,l + Un+ljfn+2,2] 
+ bfc„[-W„-l,2Un+l,l + Un-l,l«n+l,2] 
+ afc„_i[u„_i i2 Wn-2,l + lW„_2,2] 
+ 6fcn_l[Un-2,2«»-l,l + U n _2,lU n -l,2]) 

B n , 2 (u : v) = -afc n+ i[u n+ i,iu n+ 2,i + u n+lj2 v n +2,2\ 

- bk n [u n -l,lV n +l,l + Wn-l,2«Ti+l,2] 

- afc n _l[u„_l 1 lU n _2,l - Mn-l,2«n-2,2] 

- Wc n _i[u„_2,ii>n-i,i - 1^-2,2^-1,2]- 
where a and b are real numbers such that 

(46) a + b\ 213 = (a + b)\ 4fi 
for some j3 > 0, that is 

(47) A 2/3 = i- 

a + 6 



(44) 



(45) 
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(recall that A > 1). This condition implies (C2 iii), whereas (C2 ii) holds for 
any real a and b. For instance, let us check that (|4"6]l implies (C2 iii). We have 



■ u n 

n=l 

oo 

= 2J k rf[ B n,l( u , u)Un,l + B n.2 (u, u)u n>2 ] 
n = l 

00 

= [a + bX 2p - (a + b)\^}\kff +1 (u n+2 ■ it„)(n„+i, 2 + u„ +M ). 

71 = 1 

Moreover we have (see [5]) 
Lemma 4.1 for any ai,a2,a3 £ K 

B :H ai x H" 2 H~ as with o>i + a 2 + a 3 > 1 
and i/iere exists a constant c (depending on a, 0, A and i/ie ay 'sj smc/i £/iai 

||S(u,w)||_ a3 < cHUHU W e e 

This implies that conditions (C4) arc true: (jj) for any § < a < /3 and ^ for 
any a. 

Condition $Q holds for /3 > i; this includes the interesting physical case of 
f3 = l (see Section Indeed, for the SABRA shell model 



B^ 1 (x,x)-B nt i(x,x) = < 







and 



-ak M {xM,lX M +l,2 " XM,2XM+l,l) 
-akM+l{xM+l,lXM+2,2 ~ Xm + i,2Xm+2,i) 

-bkM(xM-l,XXM+l,2 - XM-XflXM+X,l) 



for n<M - 
for n = M — 

for n = M 





-ak M (-x M ,ix M +i,i - Xm,2Xm+i,2) 

— akM+l{ — XM+l,lXM+2,l — Xm+1,2XM+2,2) 

-bk M (-XM-l,lXM+l,l - X M -1,2XM+1,2) 



for n < M 
for n = M 

for n = M 



Therefore 



so 



M 



El*" 



B n 



B M _ 1 — Bm-i\ + \B M — Bm 



lim Y.\ B n- B n?d^ v < Jim 



^2/3 



,2-4/3 
"A/ 



A 2 ' 3 



M+l 



A I 



0. 



This holds for /3 > \. 

We hnally point out that our results of Section 13.21 hold also in any space 
CP^'") with p = 1, 2, . . . (see Remark l3~9)l . Indeed, we have 



(48) 



\B n (x,x)\ q ^' v (dx) < 00 Vn,ge N. 
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5 Inviscid models 

We are interested in the deterministic inviscid and unforced dynamics repre- 
sented by equation ([T31 . Here we present our results for the S ABRA shell model 
with P = 1 (the physical relevant case) only to make simpler the exposition, but 
it can be generalized to the other fluid dynamic models. 

Equation (|13|) is formally obtained from equation (fT2j) setting v = and 
considering a vanishing right hand side. More generally we can consider the 
nonlinear viscous equation 

(49) du e {t) + [iyeAu E (t) + B{u £ (t) 7 u E (t))]dt = V2e dw(t), t > 0. 

with e > 0. When e = 0we get equation (fT3")l (with j3 = 1). Our results of the 
previuous sections hold true for any e > 0. 

The fact that the measure fj, 1 '" is an invariant measure for any e > can be 
easily checked. We proceed as in the previous section, but now the Kolmogorov 
operator associated to equation P^|) is K £ = eQ + L; bearing in mind (j3"2)) 
and (|33[) we get that fi 1,1 ' is an infinitesimal invariant measure for the operator 
(K £ ,FCg°). And for any e > the operator (A' £ ,FC & °°) is dissipative. 

We are going to prove that when the initial data is a random variable with 
law fi 1 '", then equation (|13|) has a solution which is a stationary random process, 
whose law at any fixed time is jx ,u . 

An important property is the intcgrability of B with respect to the measure 

Proposition 5.1 If v > 0, then for any a < 1 we have 

J ||B(aj,aj)||g ^' v {dx) < oo 

for any p € N. 

Proof. We write the proof for p = 2 but it is the same for the other values 
of p, since /Li 1 '" is Gaussian and the B n 's are second order polynomial. We have 

J \B n ^(x,x)\ 2 [i 1 *" (dx) = J \ak n+1 [~x n+lt2 x n+2 .i + x n+ ^ix n+ 2,i] 

+ bk n [-x n - lt 2X n +i,i + £71-1,1^+1,2] 

+ (a + 6)fc„_i[a;„_i i 2X„_2,i + x n -i^x n - 2 ,2] \ 2 ^ lv {dx) 

< 2 /« + ,« + ,,A 2 , 1+ ^,X«] 

, i2i2t 2 .2 , 2 2 1 

"+" K nl X n-l,2 X n+l,l "+" ^n-l.l^n+l^J 

+ (a + bfkl_ x [x 2 n _ x ^x 2 n _ 2 ^ + x 2 n _ hl xl^ 22 }}^^{dx) 
16 

= ^{a 2 kl +1 {\ n+l \ n+2 )- 1 +b 2 kl(\ n ^ 1 \ n+l )- 1 + (a + 6) 2 /s, 2 i _ 1 (A„_iA n _ 2 ) -1 } 
v 

= 4u{ a2 ^ A + b 2 + (a + b) 2 \ 4 }\- 2n . 
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Similarly we estimate J \B Ui 2{x, x)\ 2 fj, 1 '" (dx). Therefore 

f \\B(x,x)\\l^(dx)= ff2X^\B n (x,x)\ 2 ^"(dx) 

^ ^ n=l 

OO 

<c„ fe0 , A (|a| 2 + |&| 2 )^A 2 "(«-D 

n=l 

which is finite if a < 1. □ 
Here is our main result. 

Theorem 5.2 For any v > 0, there exists a fx ' v -stationary process, whose 
paths solve equation (|13|l P-o.s. In particular, the paths are in C (ffi; H a ) (for 
any < S < \ and a < 1). 

Proof. We fix v > arbitrarily. According to Corollary 13.81 equation (|49|) has 
a unique /U '"-stationary solution v £ ; this process is a strong solution and has 
paths in C([0, oo); H a ) a.s.. (for a < 1, but we always think of a as much close 
to 1 as possible). 

First, we prove that the sequence {w e }o<e<i is tight in C s ([0, T]; H a ) for 
any S £ (0, i) and a < a. 

We write equation (J3U) in the mild form: 

(50) v e {t)=z e {t)- f e- veA ^ t - s) B(v e {s),v e (s))ds, 

Jo 

where 

^(i) = e-^V(0)+ f e- vsA ^V2^dw(s) 
Jo 

is the /^'"-stationary solution of the linear equation 

dz E (t) + veAz e {t)dt = V2e dw(t) 

with the initial data of law /i 1 '". 

We consider the two terms in the right hand side of (f5T)|) . Using the fi ' v - 
stationarity we have that for any < 5 < \ there exists a constant Cg > such 
that 

(51) sup E[||z e ||c" 5 ([o.T] : ff°)] < C s . 

0<e<l 

We take r\ £ (0, 1) and set 7 = a — 2r/. For the convolution integral in ([5; 
we have 
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(52) 



-veA{ s) n/^e 



) B(zJ e (s),TJ e (s))^ 



p 

P 

dt 

7 



Wt).Tf(t)) 



< 





T 



veAe 
t 



-veA(t-s) 



B(v e (s),v e (s))ds 



dt 



\\e-" eA ^- s) B(v E (s),v e (s))\\Pds) dt+ / B(v E {t),v E (t)) 



o 



dt 



\\Ae- veA ^B(v e (s),v e (s))\\ 1 ds) dt 



-Jo fP l (f'^W'^WW* 8 ) dt + £\\B(v E (t),v E (t)) 
T (^J* \\A 1 ^e- l/£A ^ t -^A^B(v £ (s),v £ {s))\\ 1 ds SS j dt 



dt 



<(-2* + l)/ 
P 



dt + ve 



o \Jo 



(t - s) 1 "" 



For the latter integral we use Holder inequality and get that 



ds 



\\B(if(s),T?(s) )\\ a 

{t-sy-n 



Hence, for p > - — 1 we have 



ds 



\\B(v s (s),v e (s))U ds 



(53) 



e- veA( --^B(v e (s),lf(s))di 



<(-T" + l)/ B(Tf(t),Tf(t)) 
P 



p 



W 1 >»(0,T;H-r) 

P dt + veT m 



\\B(Tf(t),Tf(t))\\Pdt 



for some positive constant m = m r) .„ jP . 

Integrating with respect to the measure \i^ ,v and using the invariance we get 



E 



(54) 



">B(v e (s),v e {s))ds 



W^'PiO^T-Hi) 



< T(l H — T p + veT m ) / aOH'/^'"^) 
P 



Now, we use that W 1 *^^) C C 5 ([0,T]) if 1 — | > 5. Then, using the 
previous estimates in (f50f , given any < 5 < \,p> jzz$ and p > ^ — 1 we have 



(55) 



^sup^E[||if \\ p CS([0tT] . m) ] < oo. 



On the other hand, the space C s ([0, T];H~<) is compactly embedded in C"^([0, T]; H^) 
if S < 6 and 7 < 7; this follows from the compact embedding H 1 <s H 1 and 
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from the Ascoli-Arzela theorem. Because these results hold for any S <G [0, |) 
and 7 < 7 < a < 1 (with p big enough, but we use (|48p). we can consider 
any 5 < \ and any 7 < 1. The tightness follows from (|55[) as usual by means 
of Chebyshev inequality. And to simplify notation henceforth we consider the 
tightness in the space C s {[0, T]; H a ) (5 < \ and a < 1). 

By the tightness result and Prohorov theorem, the sequence of the laws of 
v s has a subsequence {if™ }^ =1 weakly convergent as n —> 00 (with e n —> 0) in 
C ([0, T];H a ) to some limit measure. By a diagonal argument, this holds for 
any T and therefore the limit measure leaves in C" 5 ([0, 00); H a ). By Skorohod 
theorem, there exist a probability space (f2,F,P), a random variable v and a 
sequence {v £ } such that law({i e )=law(?7' r ), law(u)=/i and v £ converges to v 
a.s. in C s ([0,oo);H a ). 

We now identify the equation satisfied by v. We are going to prove that 
P-almost each path solves (fT3|) . 

It is enough to control the behavior of the terms with B. First 

e- veA ^B(v v ' s (s),v v ' e (s)) - B(v"(s),v' / (s)) 

= e -ueA(t-s) [B{v V '%s),V V ' e {s))-B(v V {s),V U {s))] 

+ [e- ueA{ f-^ -l\B{v u {s),v v {s)). 

When we consider the second addend in the mild form expression, it trivially 
converges to zero; but for the convergence of the first one it is enough to verify 
that ^ 

/ \\B(v^(s), 0"' s (s)) - B(v v (s), r(s))\\ a ^ds -+ 
Jo 

as e — > 0; for this we use the bilinearity and the estimate (fTUl) . 

Similarly wc work on the time interval [-T, 0] by considering the reversed- 
time parabolic nonlinear equation 

(56) du £ (t) + [-veAu e {t) + B(u £ (t), u £ {t))]dt = V2s dw(t), t < 

It has a unique -stationary solution v £ ; this process is a strong solution, has 
paths in C s ((-<x,0];H a ). The tigthness and the convergence are obtained in 
the same way as above. □ 

Acknowledgments: The work of H. Bessaih was partially supported by the 
NSF grant No. DMS 0608494. 
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2D hydro dynamical systems: invariant measures 

of Gaussian type 

Hakima Bessaih * Benedetta Ferrario ' 



Abstract 

Gaussian measures yr' v are associated to some stochastic 2D hydro- 
dynamical systems. They are of Gibbsian type and are constructed by 
means of some invariant quantities of the system depending on some pa- 
rameter p (related to the 2D nature of the fluid) and the viscosity v. We 
prove the existence and the uniqueness of the global flow for the stochastic 
viscous system; moreover the measure \jP' v is invariant for this flow and 
is unique. Finally, we prove that the deterministic inviscid equation has 
a /^'"-stationary solution (for any v > 0). 



1 Introduction 

The goal in this paper is to study a class of mathematical models related to 2D 
fluids. We will deal with an abstract stochastic evolution equation in a Hilbert 
space of the following form 



(1) du(t) + [vAu{t) + B(u(t), u(t))] dt = yJQdw{t), 

where it; is a cylindrical Wiener process and Q is a linear operator. The un- 
bounded linear operator A and the bilinear operator B will satisfy certain prop- 
erties related to 2D fluids that will be given in details in the following sections. 
The coefficient v > is the viscosity. There is an extensive literature about the 
existence and uniqueness of solutions with initial data of finite energy. Its long 
time behavior has also been extensively studied, including the existence and 
uniqueness of invariant measures (see, e.g., [3] and the reference therein). In 
the present paper, we are interested in the qualitative behavior of these invari- 
ant measures. In particular, we prove the existence and uniqueness of invariant 
measures of Gaussian type for the viscous case (JT|); moreover, this Gaussian 
measure is proved to be invariant also for the deterministic and inviscid model 
(v = 0,Q = 0). 

We point out that the Gaussian invariant measure that we consider here is 
not that one considered in previous papers [I] , [H] , [TS] , [2] , [5] , but has a more 
regular support. In particular, the support of this measure is a Sobolev space 
of positive exponent. 
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As far as the content of this paper, in Section 2 we introduce the operators 
associated to the model ([TJ with their properties and the Gibbs measures yfi' v . 
We introduce the Ornstein-Uhlenbeck equation with a suitable noise and prove 
that pP> v is its unique invariant. In Section 3, we deal with the viscous stochastic 
case; we prove the existence and uniqueness of strong solutions and that 
is its unique invariant measure. The uniqueness of the invariant measure is 
proved by means of Girsanov theorem. Moreover, some ergodic properties of 
this measure with its rate of convergence are shown. In Section 4, we introduce 
a particular example, shell models of turbulence with an emphasis on the Sabra 
model. The coefficient f3 characterizing the measure [iP- y will be related to the 
coefficients a and b of the Sabra model through the condition ([54)) . Section 5 is 
devoted to the deterministic inviscid model, in particular we present our results 
for the inviscid Sabra model with ft = 1. For any v > we prove the existence 
of a stationary process whose law at any fixed time is (/}'". 

2 Introduction to the model and functional set- 
ting 

2.1 Operators and spaces 

Let {H, | ■ |) be a real separable Hilbcrt space endowed with an inner product 
denoted by (•,•), and A an unbounded self- adjoint positive linear operator on 
H with compact resolvent. We denote by < Ai < A2 < ... the eigenval- 
ues of A and by e%, e2, . . . a complete orthonormal system in H given by the 
eigenfunctions of the operator A 

Ac n — X n c n 

We assume that lim„_ ! . 00 A n = 00. 

Let H n = span{e\, e2, . . . , e n } and IT n the projector operator onto H n . 
For any a € R we can define the power operators A a as 
00 00 00 

A a x = >£(x, e„)e„ D(A a ) = {x = £ x n e n : £ X 2 n a x 2 n < 00}. 

n— 1 n— 1 n— 1 

We set 

H a =D{A a ' 2 ). 

Each H a is a Hilbert space with scalar product (u, v)h" '■= (A a / 2 u, A a / 2 v). We 
denote by || • || a the norm in H a . 

Let B : H x H — >• H^ 1 be a bilinear operator; we assume that there exists 
a positive constant c such that 

(2) ||fl(u,«)||_i<cMM. 

We consider the finite dimensional approximation of the bilinear operator 
B; this is the bilinear operator B M defined as 

b m {u iV ) = n M B{n M u,n M v) 

for any M <G N. For each B M we have the same estimate as (J5J) (with the 
constant c independent of M). 

For any v > and /3 > 0, let yfi- v be the Gaussian measure A^(0, -A~P) 
(see, e.g., [H], US)- 
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2.2 Assumptions 

Besides the basic properties of the operators A and B given above, we present 
other important assumptions. 

Condition (CI): For any v > 0, the operator vA generates an analytic semi- 
group of contractions in H and for any p > there exists c P)V > such that 

(3) \A p e-" At x\<^\x\ Vt>0,xeH. 

Condition (C2): The bilinear operator B satisfies the following properties: 

(i) (B(u,v),w) =-{B(u,w),v) 

(ii) (B(u,v),v) = 

(hi) 3 13 > such that {B(u, u), A^u) = 

for any u, v, w giving meaning to the above relationships. 

Condition (C3): There exists a E [0,/3) (with f3 given by (C2 iii)) such that 
the embedding H 13 C H a is Hilbert-Schmidt, i.e. 



< CO. 



Condition (C4): for a and /3 given in (C2)-(C3), B : H a x H a — > H ' 1 is 
a continuous operator, i.e. 

(4) ||B(tt,«)||0_i<cH| a ||t;|| a Vu,veH a . 
Moreover, if a > we assume 

(5) ||B(«,t;)||a-i<c|it|||«|| a \/ueH,veH a . 
Condition (C5): For each n set B n (u,v) = (B(u,v),e n ). Then we have 

\B n (x,x)\ 2 n > v {dx) < oo Vn 



and i?„(a;,a;) independent of x n (where x = X) n x ™ e ™)- Moreover, we require 
P < 1 and 

A/ 

(6) lim V / \(B M (x,x)-B(x,x),e n )\ 2 fx ' v (dx) = 0. 

Remark 2.1 (i,) We have the relationships corresponding to assumption (C2): 

(7) (B M {u 1 v) 1 w) = -(B M (u 1 w),v) 

(8) (B M (u,v),v) = 

(9) (B M (u,u),A^u) = 

(ii) By means of the bilinearity and of estimate ^ we have 

lim \\B M {u,v) -B(u,v)\\r-i = Vu,V £ H a 

M— s-oo 
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(Hi) Since a > ; the inequality ([5]) implies 

(10) ||.B(ti,t7)l|„_i < c||t*|| a ||«|| a Vu,veH a . 
Moreover, 

(11) lim \\B M (u,v)- B(u, v)\\ a -i = Vu,v € H a 

(n/J Assumption (C3) implies that the space H a has full measure yfi' v , i.e. 
liP' v (H a ) = 1. However, for Gaussian measures in infinite dimensional spaces 
we have ^< V {H P ) = (see, e.g., fUfJ. 

We denote by £ p (/i^ ,!y ) the space of measurable functions <fi defined in the 
support of the measure fj, 13 ' 1 ' and such that J \<f>\ p dfjP < oo. 

2.3 The equations 

Set Q = 2A 1 "' 9 in JTJ, that is we consider the following nonlinear stochastic 
equation 

(12) du(t) + [uAu(t) + B(u(t), u{t))]dt = ^j2A 1 -t s dw{t). 
In addition we deal with the inviscid and deterministic equation 

(13) ^ i t) +B (u(t),u(t))=0 
and with the viscous linear stochastic equation 

(14) dz(t) + uAz(t) dt = yj2A 1 ~Pdw(t). 

Relationship (ii) in Assumption (C2) implies a formal law of conservation of 
energy E(t) = ^|u(t)| 2 in equation (fl~3)) . We recall that the energy is a conserved 
quantity in the motion of incompressible inviscid fluids. 

Relationship (hi) in Assumption (C2) implies that Sp{t) = W\u{t)\\ 2 p is a 
conserved quantity for equation (|13p , that is formally we have 

^(t) = (u(t),A?u(t)) = -(B(u(t),u(t)),A?u(t)) = 0. 

For /3 = 1, Si is the enstrophy which is a conserved quantity in the motion of 
2D incompressible inviscid fluids. 

The Gaussian measure pP' v = Af(0, ^A~@) can be described heuristically as 

^< v {du) =" ^e- vS ^du" 

Zj 

where Z is a normalization constant to make /i' 9 '" to be a probability measure. 
Therefore it makes sense to see if the measure yfi' 1 ', described by means of the 
invariant quantity Sp, is a stationary statistical solution for the inviscid equation 
([T3]l . To this end, we will first prove that (jfi' u is a stationary measure for the 
viscous and stochastic equation ([12"]) looking for a dynamics in the space H a of 
full measure fi^'" '. However, the basic stochastic case to deal with is the linear 
equation (|14[) for which we recall well known properties (see |13jV 
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Proposition 2.2 Let assumptions (CI), (C2 iii) and (C3) be satisfied. 
Then, for any z(0) € H a there exists a unique strong solution to equation (|14[) 
such that 

z £ C([0, T]; H a ) V-a.s. 
The stationary process solving equation ([T4"|) is 

/t 
e-' {t - s)A A^ !i dw(s) 
-oo 

and the law of ((t) is pfi> v for any time f. 

3 Stochastic viscous models 

We consider equation (1121) ; first we prove that there exists a unique solution for 
any initial data in H a . The solution is strong in the probabilistic sense and 
uniqueness is in pathwisc sense. Moreover, we show that is the unique 
invariant measure associated to this stochastic equation. 

3.1 Strong solution 

We look for dynamics in the state space H a with < a < j3 fulfilling assump- 
tions (C1)-(C4). We consider any finite time interval [0,T]. 

Theorem 3.1 Let assumptions (C1),(C2), (C3) and (C4) be satisfied. 
Then, for any it(0) £ H a , there exists a unique solution u to equation (jT3J) such 
that 

ueC{[0,T};H a ) V-a.s. 
Moreover, the process u is a Markov process, Feller in H a . 

We divide the proof in three steps in the following subsections. 

3.1.1 Existence of strong solutions 

We use a well known trick to study a stochastic semilinear equation with additive 
noise: we set v = u — z. Then 

dv 

(15) —(f) + uAv{t) + B{v(t) + z{t), v{t) + z{t)) = 

dt 

with u(0) = u(0) - z(0). Set z(0) = 0. 

Proposition 3.2 We consider the same assumptions as in Theorem \3.1\ Let 
v(0) € H a . Then there exists a solution to equation (|15[) such that 

v e C([0, T];H a ) n L 2 (0, T; H 1+a ) V - a.s. 
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Proof. We proceed pathwise. Take the scalar product of the left hand side of 
equation (|15|) with v in H ; we get some a priori estimates 



-^-M 2 + v\\v\\l = -(B(v + z,v + z),v) 



1 d 
2~dt' 

= -{B(v + z,z),v) by (C2 ii) 

< ||fl(« + «,«)||_i|H|i 

< c|w + z||z|||w||i by© 

<^IK'll? + yN 2 H 2 + yN 4 

by Young inequality, for some positive constant c„. Henceforth, we denote by 
c„ a generic constant depending on v. 
Therefore 

(16) |M a + f|l«lli<^N a H a + ^M* 

Hence, Gronwall inequality applied to 



^H 2 <c,|z| 2 H 2 +c,|z| 4 



gives 



(17) sup Kt)| 2 < e^lWlV^ (| v (0)| 2 + Cl ,r||z|| 4 c([ o,T];H)) < 

0<t<T v 



DO 



and integrating in time (1161) 
(18) 



V Wv^^ds < \v(0)\ +Tc v (JMIc([0,T];i?)IMIc([0,T];ff) + II 2 II C([0,T];H) J < 00 • 

Moreover, when a > we proceed in a similar way: we take the scalar product 
of the left hand side of equation ([1511 with A a v in H; then 



< \\B(v + z, v + z)||_i +Q ||v||i +Q 

< c|i; + z|||u + z||a,||u||i +a by© 



< |NI 2 +Q + y(H 2 + N 2 )lkll 2 +yll^ 



This gives 

(19) ||M| 2 + HMIi+a < c v (\v\* + ||z|| 2 ) \\v\\l + c,||z||t 
Therefore, using ([T7[) and the fact that a > we get 

(20) sup HOI! 2 < || v (0)|| 2 e c ^o r (K*)l 2 +ll^)ll^)^ 

0<*<T 



T eC ,/ t T (l^)| 2 + ll^)e)d S || zW ||4^ <0< 
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and integrating in time (|19p 

\\v{s)f 1+a ds < oo. 



T 
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Actually, the a priori estimates are for the Galcrkin approximation v . We 
define the Galcrkin problem associated to (|T^|) 



(21) 



du M {t) + [vAu M (t) + B M {u M {t), u M {t))]dt = U M V2A^ dw{t) 

u M (o) = n M x 

where M is any positive integer. Similarly we have 

dv M 

^-(f) + uAv M (t) + B M (v M (t) + z M {t), v M (t) + z M (t)) = 
with z M {t) = H M z{t). 



The previous estimates give 

M||2 

D (0,T;H° 



(22) supll^H^ < w 



M 



(24) sup||—— 1|2 2 , Q _! <oo. 



(23) sup \\v M \\ 2 L 2 (0 . T:H i +a) < oo 

A/ 

In addition — - — is bounded: indeed 
dt 

^(t) = -vAv M (t) - B(v M (t) + z M (t),v M (t) + z M (t)y, 

using (f2~3l) - (f22| . we have that the first term in the r.h.s belongs to the space 
L 2 (0, T; iJ"" 1 ) and the second to the space C([0, T]; H ' 1 ) (use (JTO])) and thus 
in L 2 (0,T; H"^ 1 ). Then 

Since the space {v : u G L 2 (0, T; iJ 1+Q ), § G L 2 (0, T; iJ" -1 )} is compactly 
embedded in the space L 2 (0,T;iJ Q ), from (|2"2"1) -(IM1) we get that there exists a 
subsequence {v Mi } weakly convergent to a v in L 2 (0,T; H 1+a ), weakly-* con- 
vergent in L°°(0, T; H a ) and strongly convergent in L 2 (0, T; iJ"). By means of 
the bilinearity of B, of the strong convergence result and of (fTTj) . we conclude 
that the limit v fulfils (TT5|) . 

The fact that u G C([0, T]; 7J") comes from a result in Temam [53] (Lemma 
1.4. page 263): if v G L 2 (0,T; H 1+a ) and § G i 2 (0, T; £r 1+Q ), then w G 
C([0,T];£P). □ 

Remark 3.3 FFe can prove also the uniqueness of this solution v, but we do 
not need it here. Anyway, the proof of uniqueness would be based on the same 
estimes as in the next Section VS.l.'A 

We conclude for u = v + z. 

Proposition 3.4 We consider the same assumptions as in Theorem \3.1\ Let 
u(0) G H a . Then there exists a solution to equation (|12p such that 



u E C([0, T]; H a ) P-a.s. 
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3.1.2 Pathwise uniqueness 

Now we prove that the strong solution u constructed in the previous section is 
pathwise unique, that is 

Proposition 3.5 We consider the same assumptions as in Theorem \3.1\ Let 

U\,U2 be two solutions to equation (|12p with the same initial data, defined on 
the same stochastic basis and with the same Wiener process. Then u\ = 1*2 
V-a.s., the equality being in C([0, T]; H a ). 

Proof. We proceed pathwise. Let u\, 112 G C([0, T]; H a ) be two paths (for fixed 
w in a set of P- measure 1). 

Set U = u\ — U2- Then U G C([0,T]; H a ) and it solves an equation which is 
deterministic (for any path): 

(25) ^+vAU + B(u 1 ,u 1 )-B(u2,u 2 )=0; U(0) = 0. 

First, we notice that U is more regular than the u^'s (the noise term has desap- 
peared and we expect more regularity as for equation (|15ll ) . 
By the bilinearity of the operator B, we have 

(26) -^-+vAU + B{u u U) + B{U,u 2 ) = Q\ 17(0) = 0. 
at 

We get an a priori estimate: 

\j t \W{t)\\l + v\\U(t)\\\ +a 

= - (A 2 ^ [B{ Ul {t), U(t)) + B(U(t), « a (i))], A^ 1 U{t)) 

< [|| Ul (i)|U + lk2(i)||a]||i7(t)|UI|?7(i)l|i+« by Q 

< %\Mt)\\i+a + y [\\Mt)\\l + \\u2(t)\\l] \\u(t)\\l 

Therefore 

from this, by Gronwall inequality follows 

(27) \\U(t)\\ 2 a < 11^(0)11^ J"o[l | " l(fl)ll ° + l | " a(a)ll "]' ls . 
Finally, U(t) = for all t, since U(0) = 0. 

Remark 3.6 Markovianity is inherited from the Galerkin approximations. 

3.1.3 Feller property 

Let us denote by u(t; x) the solution of equation (|12[) with initial data x, by 
Bb(H a ) the space of Borel bounded functions <j> : H a — > R and by Cb(H a ) its 
space of continuous bounded functions. 

Define the Markov semigroup P t : B b (H a ) -> B b {H a ) as 

P t (t>(x)=E[cf>(u(t;x))}. 
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This is a contraction semigroup. Moreover, it is Feller in H a , that is 

P t : C b (H a ) -> C b (H a ). 

This comes from the estimates for the pathwise uniqueness. Indeed, if ||x — 
y\\ a -> then (J27J gives 

(28) ||u(t;a;)-tt(t;y)||* < ||x - y||2 e ^/o[ll«(^)lla+ll«(^)llal^ 

for t > hxcd. By we get a uniform estimate of \\u(-; x)\W<x,/ T-H a ) wnen 
||x|| Q is bounded, i.e. 

Vi?>03C jR : sup \\u(-;x)\\c([o,t];H") <C R . 

\\x\\ a <R 

Hence, when |jx — y\\ a — s- from (J2HJ) we get ||«(i;x) — u(t;y)\\ a —> 0. We con- 
clude that 4>(u(t;x)) -> 4>(u(t;y)) for g Cb(H a ) and therefore E[0(u(t; x))] ->• 
E[(f>(u(t; y))] by the dominated convergence. This means that Pt4> £ Cb(H a ) for 
any i > and <j> € C b (H a ). 

3.2 Invariant measure 

We prove the following theorem: 

Theorem 3.7 Besides the assumptions of Theorem \3. l\ we consider (C5). Then, 
[ir' v is the unique invariant measure for equation (|12[) . that is 

(29) / P t 4> dfi '" = I <f> d^' v V0 G C 1 ^'") and t > 0. 



First, we show that \i° ,v is an invariant measure for the nonlinear equation 
(|12[) . Then we prove that this is indeed the unique invariant measure. 
A consequence of this result is the following 

Corollary 3.8 Given any initial data with law yfi' v , there exists a unique sta- 
tionary solution of equation (|12[) whose law at any fixed time is [ft' v . 

Finally, in Section l3.2.3l wc analyse the rate of convergence of Pt<fi, as t — > oo. 

To prove our results, we need to introduce the Kolmogorov operator associ- 
ated to the stochastic equation (fT2")) . Let FC£° be the space of infinitely differ- 
entiable cylindrical functions bounded and with bounded derivatives; </> £ FC£° 
means that there exist m £ N, <j> £ C^°(R m ) and multiindices (i-y, . . . , i m ) 
such that 

4>{x) = ^((x,e n ), (x,e i2 ), . . . , (x,e im )). 

We set — — = — — with Xj = (x, a). FC%° is a dense subset of £ p (/i /3,!y ) for any 
p>l. 

We define the Kolmogorov operator first on these very regular functions <j> G 
FC§° as 

(30) K<f>(x) = £ [A]-^(x) - Bj (x,x)-^-(x) - v^x^ix) 

We have that K(f) £ C 1 ^^) for any <j> £ FC£° (use that each B 3 £ C 1 ^ '") 
and the sums are finite). 
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3.2.1 Existence of the invariant measure 

We know that the linear stochastic equation (|14p has yfi ,v as unique invariant 
measure, that is fx^ ,v is the unique probability measure such that 

[<j>{z(t; x)))^' v {dx) = / <f>{x)^> v {dx) Wt > 0, <j> G B b (H a ) 



(see [131 HI])- Actually we can define the latter relationship for all <fr € 
given any 1 < p < oo (see, e.g., [TUl fTTj ) . 

Now, we want to show that pP ,v is an invariant measure also for the nonlinear 
equation (fT2")l . The role of the nonlinear term B is analyzed first considering 
the finite dimensional B M and then passing to the limit as M — > oo. Here we 
need © of (C5). 

First, we prove that pr ,v is an infinitesimally invariant measure for equation 
(|T2"T) in the sense that 

,/8," 



(31) / K<f> dpP' v = € FC 6 °°. 

Indeed, we can write K as the sum of two operators, K = Q + L, with domains 
FC£° and we have the infinitesimal invariance for both these operators. We 
integrate by parts: 



(32) J Q4> d^ v =JY, [ X )~*^sM) - vX i x ^W] ^'"W 
and 

(33) J L<f> dfi PtV = - j ^B j {x,x)^-{x) ^> v {dx) 







=0 by (C2iii) 



since Bj does not depend on the variable Xj. 

With similar computations, we get that the Kolmogorov operator (K, FC£°) 
is dissipative in £ 1 (/i /3 ' ly ), that is 



J <f>K<j> dfi^' u < V0 <G FCj; 



(see also (05])). Hence it is closable (see [2"2"]). 

Now we use an approximative criterium of Eberle j!6) in order to show that 
the measure yft ,u is an invariant measure for equation (fT2")l : 

Proposition 3.9 Besides the assumptions of Theorem \S.l\ we consider (C5). 
Then, the closure operator K of the Kolmogorov operator (K, FC£°) in £}{pP ,v ") 
generates a sub-Markovian strongly continuous semigroup T t = e Kt in 

Moreover, T t is the only strongly continuous semigroup on C 1 {^' v ) which has 
generator that extends (K,FC£°) (see Appendix A in [To]). 
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We postpone the proof of this result and continue our analysis. Since FC£° 
is a core for the infinitesimal generator of T t in £ 1 (/j, /3 ' y ) by density from (|3"Tj) 
we get that 

[ Kcf> d^'" = V0 G D(K). 

This is equivalent to 

(34) J T t <f> d^' v = J <f> d^' v G £ 1 (/^) andi>0. 

Now, we go back to the semigroup {Pt}', it has been constructed by means 
of the unique solution u of equation (fT2"|) such that u{t; x) G H a (for any t > 0, 
x G H a ). On the other hand, the analytical analysis of the Kolmogorov operator 
has led to the construction of the semigroup {T t }; it provides a martingale 
solution to the stochastic equation (|T2|) (see, e.g., [16] and references therein). 
By our previous results of Section 13.11 on the stochastic equation ([T2"j) we can 
relate these semigroups and get that the semigroup {Pt} can be extended to 
£ 1 (/x^' l/ ) (where this semigroup is exactly {T t }). 

Henceforth, we denote these semigroups in Cb(H a ) and £ 1 (/^ /3,!y ) with the 
same symbol Pt- Therefore (f34|) completes our proof of f|29|) . 

Now, we go back to the proof of Proposition 13.91 We refer to [16] for all 
the details; in particular, we use Theorem 5.2, Corollary 5.3, Lemma 5.11 and 
(5.46) at page 226 of [H] with p = 1. 

Proof, (of Proposition 13. 9p From Lumer-Phillips theorem we know that the 
closure of the operator (K,FC£°) in £ 1 (/x^' l/ ) generates a strongly continuous 
semigroup T t if and only if the range of (A — K, FC£°) is dense in C 1 ^"^) for 
some (and all) A > 0. To prove the density result, we use an approximative 
criterium: 

(35) VF G C 1 ^'") Ve > 3 v G FC 6 °° : ||(A - K)v - F\\ c i { ^, v) < e. 

Now, we take F G £ 1 (/i' 3 ' ly ). Then there exists a sequence {F^jjvgN with 
f n e c°°(R N ) and 

(36) lim \\F N -FWc^^O, sup \\F N \\ Cb < oo. 

On the other hand, the assumption B n G C 2 {^^) (for any n) implies that 
B N G C 2 (p,P' u ) for any N, and therefore there exists a sequence {C^Iat^n with 
C N G Cg°(R N -> R w ) and 

(37) ll^-C^H^^^i 
Bearing in mind ([5]), this implies that 

(38) \\H N B - c N \\ c ^, v) < \\n N B - B N \\ CHftP „ ) + \\B N - C N \\ C 2^., } -> 
as iV — > oo. 

For each N, we introduce a regularized finite dimensional Kolmogorov op- 
erator K N acting on functions 4> G Cg°(R N ): 

= £ [Aj"^(x) - Cf (*)|£(x) - «A,, ; -g:,n . 

') — 1 J 3 3 
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It as smooth coefficients. Therefore, given F N <G C^°(R ) and A > the 
equation 

(39) 



(A - K N )<f> N = F 



has a unique solution <fi N £ C£°(M. N ); moreover 



(40) 



A||/ 



< llf 



Further, setting \\fAyD(f) N \ 2 = YljLi ^]\l)t~\ 2 > by a straightforward computa- 
tion we have 

K{4> N f = 2<f> N K4> N + 2\VA^D<j> N \ 2 . 
Using the infinitesimal invariance pip , we have 



' 4> N [K(j) N - K N d? N ]d^-» - J<j> N K N <j> N dp^ 
= -( t^j^Bi - Cf f-^d^ + J ^ N (F N - X^)d^ 

< u n \\ c MnB - ^Wc^^wd^w^^ 

+ H N \\c b (\\F N Wc b +M\^\\c b ). 

Using (HOI) and the fact that \\~ P \\D4> N \\ 2 C2{ ^ < \\ y/A^D^f^,^, for 
(3 < 1, we get that there exists a constant Cp,\ > such that 

(41) HZV^I < <^ >A ||i^|k [1 + \\UnB - C N \\cw>>)} ■ 

Let us go back to p"5j); by (f31?)) we have 

JV 



(A - K)<j> N — F = (K N - K)4> N +F N -F = V[B, - Cff^- + F N — F. 

3 = 1 

Integrating with respect to the measure (jP' v we get 
||(A-ir)^-F|| w ,„)< J \^[ B] -Cff^-\d^ + \\F N -F\\ 



3 = 1 



< \\U N B - C N \\ C 2 { ^. V) \\D^ N \\ C2 ^. V) + \\F N - F|| 
by Schwarz inequality. Using (|41[) we find 



IKA-JO^-i^lU^,-) < ^, A ||n w 5-c iV || £2( ^)||Ok 1+linjvB-CHU^,,) 



N 



-.JVi 



+ ll^ iV -F\\cwy 

Bearing in mind the assumptions on the approximating terms and ()38[) , we find 
(EH}. □ 
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Remark 3.10 Because of the invariance of the measure fi^' v , the contraction 
semigroup Pt in Cb{H a ) can be uniquely extended to a strongly continuous con- 
traction semigroup in £ p (/i^ ,!y ) also for any p > 1. Indeed, 

\P t <t>{x)\ P = |E[0(u(t;x))]|* < E[\<j>(u(t;x))\*] = P t \4>\ p (x) 
and by the invariance of the measure ^i" ,v 

\m p d^< I ' p t \<t>\ p d^ v = [\<f>\ p d^ v . 



Since Cb(H a ) is dense in C p (/j,^^), we can uniquely define the semigroup on 
C p (nP' v ) for any p > 1. We use the same symbol P t to denote all these semi- 
groups. 

Notice that in condition (C5) we require J \B n (x, x)\ 2 fj,^' u (dx) < oo for any 
n. Therefore K : FC£° — > C 2 (fi^ ,v ). Moreover, according to Corollary 5.3 of 
we have that the restriction ofT t to C 2 {^' v ) is a strongly continuous semi- 
group on C 2 {jjL^' v ) and the generator of this semigroup again extends (K, FC£°). 
In the sequel we will use the same symbol to denote these semigroups in both 
spaces £ 1 (m /3 '1 and C 2 {^'"). 

3.2.2 Uniqueness of the invariant measure 



Now we prove that equation (|12[) has at most one invariant measure. We use 
the results of Section 13.11 

Let R(t, x, •) be the law of z(t; x) and P(t, x, •) be the law of u(t; x). Then 
any R(t, x, •) is equivalent to the Gibbs measure pP ,u (see, e.g., Q3|); we write 
it as R(t,x,-) ~ ^P' v . Moreover we have that 



(42) / \VA^B(z(t),z(t))\ 2 dt< 

and 



(43) / \y/AP^B(u(t),u(t))\ 2 dt < 



For this use that cc)||^_i < c||x|| 2 from assumption ^ and that P{z £ 

C{[0,T};H a )} = P{u £ C([0,T);H a )} = 1. 

According to Theorem 9.2 in [T7], (|4"2"j) - (|4"3l imply that the measure P(t, x, •) 
is equivalent to R(t, x, ■). On the other side R(t, x, ■) ~ R(s, y, •) ~ \Jp ,v , hence 
we get 

P(t,x,-)~P(t, y, 

for any x, y £ H a and t > 0. Using Doob theorem (see, e.g., Theorem 4.2.1 in 
(14jV we deduce that there exists at most one invariant measure. 

By means of the existence result of the previous section, we get that pr ,v is 
the unique invariant measure for equation (|12[) . Moreover, it is strongly mixing 

(44) lim P(t,x,T) =^' V {T) 

t— »oo 

for arbitrary x £ H a and Borcl set T in H a . 
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3.2.3 Rate of convergence 

Now, we consider the semigroup P t in £ 2 (/x /3 ' l/ ) (see Remark OTTO) ■ 

We recall the "Carre du champ" identity. For the reader's convenience we 
give the proof (see, e.g., [10]) 

Proposition 3.11 Besides the assumptions of Theorem \3.1\ we consider (C5). 
Then, we have 



(45) / <f> Kef, d^' v = - / \^A l -i 3 D4>\ 2 d^' v V0 6 D(K). 



Proof. First we take 4> £ FC£°. A straightforward computation yields that 

Kef, 2 = 20 K<j) + 2\v / A 1 -i 3 D(f)\ 2 . 
By the /^'^-infinitesimal invariance, we have / Kef, 2 dfjP' v = 0; thus 



(46) / <j> Kef) d^> v = - / \ jA 1 -PD(l>\ 2 diJ > ' v . 



Now, taking <j> £ D(K), we use that FC£° is a core for K; therefore there exists 
a sequence {4> n } C fC™ such that 

n -> <t>, K<t> n ->K<f> in £ 2 (//•*). 

From (|4"B"f we get 

J \^A^D(<f, n -cf, m )\ 2 d^ < J \K~<p m \\K^ n -^ m )\d^^. 



Hence, the sequence {V A 1 ^? D(f> n } is a Cauchy sequence in C 2 (fi@' v ) and we get 

05). □ 

Now, given </> G C 2 {^P' V ) we set <p ~ J (j> d^P ,v \ then we have the following 
theorem on the rate of convergence of Pt4> as f — > oo. 

Theorem 3.12 Besides the assumptions of Theorem \3.1\ we consider (C5). 
Then 

r \P t 4>(x)-~$\ 2 ^"{dx) <e" Alt / \cj>{x)-^\ 2 ^ v {dx) 



for any (f) £ C 2 (^' u ) and t>0. 

Proof. 

Let us define the space 

(47) = {cf> £ C 2 (^n : = 0}; 

it is not difficult to prove that it is invariant for the semigroup P t (see 

First, let us take £ £§(//'") n D(K); then P t <f> £ Z^//'") n D{K) and by 
the Hillc-Yosida theorem 

j t P t( f> = KP t <t>. 

Therefore, bearing in mind (|45|) 

\jt J |P * ' 2 ^ = j P ^* P ^ d ^ ,U = ~f \^^D x P t cjy\ 2 d^^ 
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Since a Gaussian measure fulfils the spectral gap inequality (see [7]) we have 

J \VA^D x P t <t>(x)\ 2 ^>»(dx) >^J [P t <b(x)] 2 fi^»(dx) 

where Ai > is the first eigenvalue of the operator A. By the two latter 
relationships we get 

j t J \P t <j>\V<-Mj \P t 4>W<". 

Hence, using Gronwall lemma, we have that for any t > 

(48) J \P t 0\ 2 d^' v < e' Alt J \<p\ 2 d^' v V0 £ C 2 {^ M ) n D(K). 

Now we take tfi £ D(K); replacing <f> with <fr — <j> in (|4"8)l . we obtain that 

J \Ptt-W dpP> v = J \P t (<t>-W 4^ <^ Xlt j d ^' V - 
Using that D(K) is dense in C 2 {n^ ,v ) we get the result. 

□ 

4 An example: shell models of turbulence 

Shell models of turbulence describe the evolution of complex Fourier-like com- 
ponents of a scalar velocity field. Here we present the details for the SABRA 
shell model (see [201), but the same results hold for the GOY shell model (see 
[TBI [UJ). In recent years there has been an increasing interest in these fluid 
dynamical models, both for the deterministic and the stochastic case (see also 
Eh [1]: H3, EI)- They are easier to analyze than the Navier- Stokes or Euler 
equations, but they retain many important features of the true hydrodynamical 
models. 

Instead of dealing with complex valued unknowns we deal with the real and 
imaginary part of each component of the scalar velocity field (for the basic 
settings we follow [5]); this defines a sequence {«„}„ with u n £ R 2 . For x = 
(xi,X2) £ K 2 we set \x\ 2 = x\ + x\ and the scalar product in M. 2 is x ■ y = 

XlVl + X2V2- 

Then, using the notations of Section 2.1, we define the basic space H as 

oo 

H = {u = ( Ul ,u 2 , ...)£ (K 2 )°° : ^ < 

n=l 

The basis in H in given by the sequence {e^ , e[ \ e 2 X \ e 2 2 \ e% , . . .} of 
elements of (K 2 )°°, where 

e« = ((0,0),..., (0,0), (1,0), (0,0),...) 

ei 2 ) = ((0,0),...,(0,0),(0,l),(0,0),...) 

with the nonvanishing vectors in place n. 
The eigenvalues are 

A n = k X" n 
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with A > 1. Hence we can take any a < (3 to fulfil (C3). Inequality §3§ 
holds with c v . v = {^) p - 

We set k n = V~X n . The bilinear term B is defined by means of the compo- 
nents B n = (B n ^i, B n ^) as follows (see, e.g., [5]): 

(49) Bl ^ U i V ) = afc 2 [-"2,2^3,1 +«2,lf3,2] 

Bi t2 {u, v) = -ak 2 u 2 ■ v 3 

B2,l(u, v) = ak 3 [-U 3t 2Vi,l + U 3t iV4 :2 } + &fc 2 [-Ul,2V3,l + u 14 v 3,2] 

B 2}2 {u, v) = -ak 3 u 3 ■ V4 - 6fc 2 iti • W3 
and for n > 2 



(51) 



(52) 



B n ,l(u,v) = ak n +l[—U n+ i,2«n+2,l + «7i+X,l«n+2,2] 
+ 6fen[— U n -l,2Un+l,l + Wn-l,l«n+l,2] 

71— 1,1^71—2,2 I 

+ 6fcn_l[Un-2,2«n-l,l + Wn-2,lW„-l, 2 ]) 

B n , 2 (u,v) = -ak n +i[u n+ i,iv n+ 2,i + u n+ i, 2^+2,2] 

- bfcn[Wn-l,l«n+l,l + «n-l, 2^+1,2] 

- afc n _i[u„_i 1 lU n _2,l - Mn-l,2«n-2,2] 

- Wc„_i[it„_2,ii>n-i,i - 1^-2,2^-1,2]- 
where a and b are real numbers such that 

(53) a + bX 2fs = {a + b)X 4fs 
for some j3 > 0, that is 

(54) A 2/9 = — — - 

(recall that A > 1). This condition implies (C2 iii), whereas (C2 ii) holds for 
any real a and b. For instance, let us check that (|5"3")l implies (C2 iii). We have 

00 

• u n 

n=l 

oo 

= fc n^[5„,l(w, u)u„^ + S„. 2 (u,w)u n ,2] 

n=l 
00 

= J2ia + bX 20 -(a + b)X^]Xk 2 J +1 

n=l 

Moreover we have (see [5]) 
Lemma 4.1 For any 0.1,0.2, a 3 E ffi 

B :H ai x H" 2 -> H~ a3 with ai + a 2 + a 3 > 1 
and £/iere exists a constant c (depending on a, fe, A and i/ie Oj 's) such that 

«)!!_„, < c||u|| ai ||«||^ VueH a \ve H a \ 
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This implies that conditions (C4) are true: (@| for any £ < a < [3 and ([5]) for 
any a. 

Condition ([5]) holds for (3 > ^; this includes the interesting physical case of 
(3 = 1 (see Section dJj). Indeed, for the SABRA shell model 



Therefore 







B£ 1 (x,x)-B nA (x,x) = < 



and 



Bn I 2 {x,x)~B nt2 (x, x) = < 



-ak M {xM,lX M +l,2 " X M ,2XM+l,l) 
-akM+l{xM+l,\XM+2.2 — XM+l,2XM+2,l) 

-bk M (x M -i,ix M +i,2 - XM-l,2XM+\,l) 



for n < M ■ 
for n = M 

for n = M 





-afc A/ (-x A /,ia;M+ia - ^,2^+1,2) 

— akM+l{ — XM+l,lXM+2,l — XM+l,2 x M+2a) 

-bk M (-XM-l,lXM+l,l - XM-l,2%M+l,2) 



B„ 



Bm-i — Bm-i^ + \B 



M 
M 



B 



for n < M 
for n = M 

for n = M 



so 



/• A/ « 2 2 



2-4/3i 



= 0. 



This holds for /? > i. 

We finally point out that our results of Section 13.21 hold also in any space 
CP^'") with p = 1, 2, . . . (see Remark ^JU^ . Indeed, we have 



(55) 



\B n (x,x)\ q ^' v (dx) < 00 Vn, q eN. 



5 Inviscid models 

We are interested in the deterministic inviscid and unforced dynamics repre- 
sented by equation ([T^| . Here we present our results for the SABRA shell model 
with f3 = 1 (the physical relevant case) only to make simpler the exposition, but 
it can be generalized to the other fluid dynamic models. 

Equation (|13|) is formally obtained from equation (|T2"j) setting v — and 
considering a vanishing right hand side. More generally we can consider the 
nonlinear viscous equation 

(56) du e (t) + [veAu £ {t) + B(u £ (t),u £ (t))]dt = V2e dw(t), t > 0. 

with e > 0. When e = we get equation (fT3"f (with (3 = 1). Our results of the 
previuous sections hold true for any e > 0. 

The fact that the measure (i ' v is an invariant measure for any e > can be 
easily checked. We proceed as in the previous section, but now the Kolmogorov 
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operator associated to equation (j5o) is K £ = eQ + L; bearing in mind 
and (|33[) we get that /i 1 '" is an infinitesimal invariant measure for the operator 
(K £ ,FC£°). And for any e > the operator (K S ,FC£°) is dissipative. 

We are going to prove that when the initial data is a random variable with 
law jU 1 '" ', then equation (|13[) has a solution which is a stationary random process, 
whose law at any fixed time is jj, ,u . 

An important property is the integrability of B with respect to the measure 

Proposition 5.1 If v > 0, then for any a < 1 we have 

\\B(x,x)\\l ^"(dx)<<x> 



for any p € N. 

Proof. We write the proof for p = 2 but it is the same for the other values 
of p, since p l,u is Gaussian and the B n 's are second order polynomial. We have 

J \B n ^(x,x)\ 2 ii 1 *" (dx) = J \ak n+ i[-x n+lt 2X n+ 2,i +2^+1,1^+2,2] 

+ bk n [- x n - lt 2X n +i,i + ^-1,1^+1,2] 

+ (a + 6)fc„_i[a;„_i i 2X„_2,i + as*- 1,1^-2,2] \ 2 ^ 1,v {dx) 

1 i2?2[ 2 2 , 2 2 ] 

"+" K nl X n-l,2 X n+l,l "+" X n-l,l X n+l,2\ 

+ (a + bfkl_ x [^-1,2^-2,1 + xi^xl^Wp 1 ^ {dx) 
16 

= -2{a 2 A£ +1 (A„ + iA„ +2 ) +& 2 fc^(A„_iA, 1+1 )- 1 + (a + 6) 2 /s 2 _ 1 (A„_iA, 1 _ 2 ) -1 } 

^ ' 2\-4 1 l2 , /„ 1 L\2\4"i\-2n 



{a 2 A- 4 + 6 2 + (a + 6) 2 A 4 }A~ 



Similarly we estimate f \B Ui 2(x, x)\ 2 p 1 '" (dx). Therefore 

||B(*,x)|j 2 ^(dx) = / Y,K\B n (x,x)\ 2 ^(dx) 

J n=l 

00 

<c vM M 2 + \b\ 2 )^ 2n(a - 1] 



n=l 

which is finite if a < 1. □ 
Here is our main result. 

Theorem 5.2 For any v > 0, there exists a fx ' v -stationary process, whose 
paths solve equation (|13[) P-a.s. In particular, the paths are in C s (BL;H a ) (for 
any < S < i and a < lj. 

Proof. We fix ^ > arbitrarily. According to Corollary 13.81 equation ([55)1 has 
a unique /U'^-stationary solution v E ; this process is a strong solution and has 
paths in C([0, 00); H a ) a.s.. (for a < 1, but we always think of a as much close 
to 1 as possible). 
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First, we prove that the sequence {i' e }o<£<i is tight in C s ([0, T]; H a ) for 
any 8 £ (0, ^) and a < a. 

We write equation (|56[) in the mild form: 



(57) 
where 



-veA(t-s) R /-e 



B(v £ (s),v £ {s))ds 



-veAt— ei 



v £ (0) + / e-^'^v^etMs) 



is the /i 1, ^-stationary solution of the linear equation 

dz £ (t) + veAz e {t)dt = V2e dw(t) 

with the initial data of law n 1,v . 

We consider the two terms in the right hand side of ([5T|) . Using the y}' v - 
stationarity we have that for any < 5 < | there exists a constant Cg > such 
that 

(58) 



sup E[||z £ || c ,5 ([0 . T] . HQ) ] < C s . 

0<e<l 



We take r\ £ (0, 1) and set 7 = a — 1r\. For the convolution integral in ([5T|) 
we have 



(59) 



e- /eA( -- s) B(v e (s),v £ (s))ds 



-veA(t-s) £>(-€ 



W 1 >f(0,T;ff->') 



) S(u c (s),u e (s))di 



p 




eft + 


f 


7 


Jo 



f/f 



dt 



v£Ae- U£A{t - s) B(v e {s),v £ (s))d 
< J* fP- 1 (J* ||e— ^-^(^(a),!? 6 ^))!!^ + ^(^(t), r(t)) 



(ft 



fT 1 / /•* \P 

\\Ae- ueAf - t - s '>B(v £ (s),v e (s))\\ 1 ds dt 



< / t p 
Jo 



Wo 

T / r 

-1 











V 






dt 

7 



+ ve J (J \\A 1 - , 'e-^ t -^A^B(v £ (s),v £ (s))\\ 7 ds S J dt 



<(-TP + l) I 
P Jo 



p 



dt + ve 



T / r t 



7 jo vjo (t- s y-v 

For the latter integral we use Holder inequality and get that 



f* \\B(v £ ( s ),v £ (s))\\ a ^ \ p f /* ds 



(t~ s y 



\\B(v £ (s),v £ (s))U ds 



11 
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Hence, for p > - — 1 we have 



(60) 



e-" eA( - s) B{v £ {s),v £ (s))di 



< (-T p + 1) 
P 



B(v°(t),nt)) 



V dt + veT m 



\B(v £ (t),v £ (t)W a dt 



for some positive constant m = m r; .„ jP . 

Integrating with respect to the measure \i^ ,v and using the invariance we get 



E 



(61) 



3 -f£ J 4(--S 



B{v £ (s),v £ (s))ds 



< T(l + -T p + veT r 



B( x ,x)ry>»(dx) 



Now, we use that W X ' P (Q,T) C C s ([0,T}) if 1 - ^ > 6. Then, using the 
previous estimates in ([57]) , given any < <5 < \ , p > j^g and p > | — 1 we have 



(62) 



sup E[\\v 



0<e<l 



*C s ([0,T];H~i)- 



< 00. 



On the other hand, the space C s ([0, T]; £P) is compactly embedded in C S ([0, T];H^) 
if 5 < 5 and 7 < 7; this follows from the compact embedding H 1 <s H 1 and 
from the Ascoli-Arzela theorem. Because these results hold for any 8 <G [0, |) 
and 7 < 7 < a < 1 (with p big enough, but we use (|55[1 ). we can consider 
any 5 < k and any 7 < 1. The tightness follows from ((62)) as usual by means 
of Chebyshev inequality. And to simplify notation henceforth we consider the 
tightness in the space C s ([0, T]; H a ) (6 < \ and a < 1). 

By the tightness result and Prohorov theorem, the sequence of the laws of 
v e has a subsequence {?7 E ™ }^Li weakly convergent as n — > 00 (with e n — > 0) in 
C s ([0,T];H a ) to some limit measure. By a diagonal argument, this holds for 
any T and therefore the limit measure leaves in C" 5 ([0, 00); H a ). By Skorohod 
theorem, there exist a probability space (f2,F, P), a random variable v and a 
sequence {v 6 } such that law(^ e )=law(tJ e ), law(u)=/i 1 ' I/ and v £ converges to v 
a.s. in C 5 ([0,oo);H a ). 

We now identify the equation satisfied by v. We are going to prove that 
P-almost each path solves (fT3|) . 

It is enough to control the behavior of the terms with B. First 

e- veA ^B(v v ' s (s),v v ' e (s)) - B(v v (s),v l '(s)) 

= e -vsA{t~s) [ B (v v ' £ (s),v»' £ (s)) -B(v v (s),v v (s))] 
+ [e~ vsA ^ -l]B{v v (s),v v {8)). 

When we consider the second addend in the mild form expression, it trivially 
converges to zero; but for the convergence of the first one it is enough to verify 
that 



\B(v v > £ (s),v v > £ (s)) -B(v v (s),v v (s))\\ a . 1 ds -> 
as e — > 0; for this we use the bilinearity and the estimate (TIT 
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Similarly we work on the time interval [-T, 0] by considering the reversed- 
time parabolic nonlinear equation 

(63) du e {t) + [-veAu e {t) + B(u £ (t), u e (t))]dt = V2e dw{t), t < 

It has a unique /^ 1,iy -stationary solution vf; this process is a strong solution, has 
paths in C s ((-oo,0];H a ). The tigthncss and the convergence are obtained in 
the same way as above. □ 

Acknowledgments: The work of H. Bessaih was partially supported by the 
NSF grant No. DMS 0608494. 



References 

[1] Albeverio, S.; Cruzeiro, A. B.: Global flows with invariant (Gibbs) mea- 
sures for Euler and Navier-Stokes two-dimensional fluids. Comm. Math. 
Phys. 129 (1990), no. 3, 431-444 

[2] Albeverio, S.; Ferrario, B.: Uniqueness of solutions of the stochastic Navier- 
Stokes equation with invariant measure given by the enstrophy. Ann. 
Probab. 32 (2004), no. 2, 1632-1649 

[3] Albeverio, S.; Flandoli, F.; Sinai, Y. G.: SPDE in hydrodynamic: re- 
cent progress and prospects. Lectures given at the C.I.M.E. Summer School 
held in Cetraro, August 29 - September 3, 2005. Edited by Giuseppe Da 
Prato and Michael Rdckner. Lecture Notes in Mathematics, 1942. Springer, 
Berlin; Fondazione C.I.M.E., Florence, 2008 

[4] Barbato, D.; Barsanti, M.; Bessaih, H.; Flandoli, F.: Some rigorous results 
on a stochastic GOY model. J. Stat. Phys. 125 (2006), no. 3, 677-716 

[5] Bessaih, H.; Ferrario, B.: Invariant Gibbs measures of the energy 
for shell models of turbulence; the inviscid and viscous cases, e-print 
\arXiv:1103.JT5lb l (2011) 

[6] Bessaih, H.; Millet, A.: Large deviation principle and inviscid shell models. 
Electron. J. Probab. 14 (2009), no. 89, 2551-2579 

[7] Chojnowska-Michalik, A.; Goldys, B.: Symmetric Ornstein-Uhlenbeck 
semigroups and their generators, Probab. Theory Related Fields., 124 
(2002), no. 4, 459-486 

[8] Chueshov, I.; Millet, A.: Stochastic 2D hydrodynamical type systems: well 
posedness and large deviations. Appl. Math. Optim. 61 (2010), no. 3, 379- 
420 

[9] Constantin, P.; Levant, B.; Titi, E. S.: Analytic study of shell models of 
turbulence. Phys. D 219 (2006), no. 2, 120-141 

[10] Da Prato, G: Kolmogorov Equations for Stochastic PDEs, Advances 
Courses in Mathematics CRM Barcelona, Birkhauser (2004). 



21 



[11] Da Prato, G: An introduction to Infinite- Dimensional Analysis, Universi- 
tex, Springer (2006). 

[12] Da Prato, G.; Dcbusschc, A.: Two-dimensional Navicr-Stokes equations 
driven by a space-time white noise. J. Funct. Anal. 196 (2002), no. 1, 180- 
210. 

[13] Da Prato, G.; Zabczyk, J.: Stochastic Equations in Infinite Dimensions. 
Encyclopedia of Mathematics and its Applications 44, Cambridge Univer- 
sity Press, 1992 

[14] Da Prato, G.; Zabczyk, J.: Ergodicity for infinite dimensional systems. 
LMS Lecture Notes 229, Cambridge University Press, 1996 

[15] Dcbusschc, A.: The 2D-Navier-Stokes equations perturbed by a delta cor- 
related noise. Probabilistic methods in fluids, 115-129, World Sci. Publ., 
River Edge, NJ, 2003 

[16] Eberle, A.: Uniqueness and non-uniqueness of semigroups generated by 
singular diffusion operators. Lecture Notes in Mathematics 1718; Springer- 
Verlag, Berlin, 1999 

[17] Fcrrario, B.: A note on a result of Liptscr-Shiryaev, cprint 
larXiv:1005.0237V 2 (2010) 

[18] Gledzer, E. B.: System of hydrodynamic type admitting two quadratic 
integrals of motion. Dokl. Akad. Nauk SSSR 209 (1973), 1046-1048 (Engl. 
TransL: Sov. Phys.Dokl. 18 (1973), 216-217). 

[19] Kuo, H. H.: Gaussian measures in Banach spaces. Lecture Notes in Math- 
ematics, Vol. 463. Springer- Verlag, Berlin-New York, 1975 

[20] L'vov, V. S.; Podivilov, E.; Pomyalov, A.; Procaccia, I.; Vandcmbroucq, 
D.: Improved shell model of turbulence, Physical Review E58 (1998), 1811- 
1822. 

[21] Ohkitani, K. ; Yamada, M.: Lyapunov Spectrum of a Chaotic Model of 
Three-Dimensional Turbulence J. Phys. Soc. Jpn. 56 (1987), 4210-4213. 

[22] Pazy, A.: Semigroups of linear operators and applications to partial differ- 
ential equations. Applied Mathematical Sciences, 44. Springer- Verlag, New 
York, (1983). 

[23] Temam, R.: Navier- Stokes equations. Theory and numerical analysis, Stud- 
ies in Mathematics and its Applications, 2, North-Holland Publishing Co., 
Amsterdam, (1984). 



22 



